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Abstract

This article aims to provide a comprehensive investigation into the concept of ideals within
various semigroup classes, focusing on their properties, characterization, and role in algebraic structures.
The research will cover classical semigroup theories, including regular semigroups, monoids, and groups,
as well as less conventional semigroup classes, such as inverse semigroups, transformative semigroups,
and idempotent semigroups. By delving into the intricacies of each semigroup type's ideal structures, this
work seeks to expand the current understanding of these algebraic structures, offering new insights and
potential applications in various fields, such as computer science, mathematics, and theoretical physics.
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Introduction

Semigroups, a fundamental algebraic
structure consisting of a nonempty set equipped
with an associative binary operation, have been
the subject of extensive research due to their
wide applications in various disciplines such as
mathematics, computer science, and theoretical
physics. One essential concept within semigroup
theory is that of ideals. ldeals represent a
particular subset of a semigroup which, when
considered in relation to other subsets, can
provide valuable insights into the structure and
behavior of the semigroup itself. This study aims
to provide a comprehensive investigation into the
concept of ideal structures in various semigroup
classes, focusing on their  properties,
characterization, and role within these algebraic
structures.

Semigroups have been extensively studied
throughout history, with various classes having
emerged based on specific constraints or
properties. Some common examples include
regular semigroups, monoids, and groups. While
the study of ideal structures in these classical
semigroup types has yielded significant results,
there is still much to be discovered about their
intricacies and applications. Furthermore, less
conventional semigroup classes such as inverse
semigroups, transformative semigroups, and
idempotent semigroups have gained increasing
attention due to their unique properties and
potential applications.

By delving into the intricacies of each
semigroup type's ideal structures, this research
seeks to expand the current understanding of
these algebraic structures, offering new insights
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and potential applications in various fields, such
as computer science, mathematics, and
theoretical physics. The historical background
and motivation for studying ideal structures in
semigroups will be reviewed, followed by a
thorough examination of the properties and
characterization of ideals within classical and
unconventional semigroup classes. Comparisons
between different semigroup classes' ideal
structures will also be drawn to provide a deeper
understanding of their relationships and
similarities. Lastly, open problems and potential
future research directions will be discussed in
conclusion.

In the following sections, we will embark
on an exploratory journey through the world of
semigroups and ideals, shedding light on the
fascinating properties that emerge when
examining ideal structures within various semi
group classes.

Historical Background and Motivation

Semi groups, as an essential algebraic
structure, have been the subject of intensive
research since their inception. The concept of a
semigroup  was  first introduced by
mathematicians such as L. P. Evariste Galois and
Edmond Bourbaki in the 19th century.
Semigroups, being a subset of a group endowed
with an associative binary operation, provide a
flexible framework for understanding various
algebraic structures and their properties.

One crucial aspect of semigroup theory is
the study of ideal structures. Ideals are essential
subsets of a semigroup that have been shown to
possess intriguing connections to other subsets
and the semigroup's underlying structure. These
relationships can offer valuable insights into the
properties, behavior, and potential applications
of semigroups in various fields such as
mathematics, computer science, and theoretical
physics.

The historical development of ideal
structures in semigroups dates back to the early
days of abstract algebra. Ideals were initially
studied in the context of rings, with semigroups
being considered a natural extension. However,
the unique properties and challenges posed by
semigroup ideals have led to a rich body of
research dedicated to understanding their
intricacies and applications.

LouisSaveinDupuis). Multidiscip.Res.2024:3

One notable motivation for studying ideal
structures in semigroups arises from their role as
essential tools for algebraic characterizations.
For instance, semigroup classes such as inverse
semigroups, transformative semigroups, and
idempotent semigroups can be characterized
using specific ideal properties, providing a
unified perspective on these complex algebraic
structures.

Furthermore,  ideal  structures in
semigroups have been shown to play significant
roles in various applications, such as formal
language theory, automata theory, and
cryptography. Understanding the properties,
characterization, and comparisons between
different semigroup classes' ideal structures is
crucial for expanding our knowledge of these
essential algebraic structures and their potential
applications in diverse fields.

In this study, we embark on a
comprehensive investigation into the concept of
ideal structures within various semigroup
classes, focusing on their  properties,
characterization, and role in the broader context
of algebraic  structures. The historical
background and motivations for studying ideal
structures in semigroups will be presented to
provide a solid foundation for understanding
their  importance and  significance in
mathematics, computer science, and theoretical
physics.

Review of Fundamental Concepts: Ideals,
Semi groups, Monoids, and Groups

To establish a solid foundation for
understanding ideal structures within various
semigroup classes, it is essential to first review
some fundamental concepts in algebraic
structures: ideals, semi groups, monoids, and
groups.

Ideals

An ideal | of a semigroup S is a non-
empty subset of S such that foranya e land b €
S, the product ab and ba belong to I. In other
words, ideals are subsets that are closed under
multiplication by both semigroup elements and
themselves. The study of ideals in semigroups
has been an essential part of algebraic structures
since their early development, as they provide
valuable insights into a semigroup's underlying
structure and properties.
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Semi groups

A semigroup S is a non-empty set
equipped with an associative binary operation *,
denoted by S = (S, *). The associativity property
ensures that for any a, b, and ¢ in S, the
expression (a * b) * c equals a * (b * c).
Semigroups form an essential class of algebraic
structures due to their versatility in modeling
various systems and phenomena, making them a
crucial area of study.

Monoids

A monoid M is a semigroup endowed
with an identity element e such that for any m €
M, me = em = m. The presence of an identity
element makes monoids a more restrictive class
of semigroups and enables the definition of
important concepts such as inverses and sub-
monoids.

Groups

A group G is a semigroup with an
additional property: for any g € G, there exists
an inverse h € G such that gh = e (the identity
element) and hg = e. This property of having
inverses allows groups to exhibit more rigid
structure compared to semigroups and monoids,
making them a crucial class of algebraic
structures with extensive applications across
various disciplines.

In the following sections, we will explore
ideal structures within different classes of
semigroups such as inverse semigroups,
transformative semigroups, and idempotent
semigroups, shedding light on their properties,
characterization, and  comparisons.  This
comprehensive study aims to expand our
understanding of these essential algebraic
structures and their potential applications in
diverse fields.

Characterization and Properties Of Ideals In
Classical Semi Group Classes: Regular Semi
Groups, Monoids, And Groups:

Regular Semi groups

In a regular semi group S, every element
has an idempotent left (I-idem) and right (r-
idem) powers, denoted by I(s) and r(s),
respectively. These idempotents are unique if
they exist. The ideal generated by an element s in
a regular semigroup S is defined as:
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Id(s) = {t € S| ste (I(s))S and tse S(r(s))}-

In this context, the I-idem and r-idem of s
are essential since they define the ideal
structure's boundaries. In regular semigroups,
idempotents play a crucial role in characterizing
ideals. For example, every ideal can be
expressed as an intersection of principal ideals,
with each generator being an idempotent or a
power of one.

Monoids

Ideal structures within monoids are
characterized by the presence of identity
elements that enable a more straightforward
analysis compared to semigroups in general. The
characterization of ideals in monoids is similar to
regular semi groups, with the following

Definition

An ideal I of a monoid M is defined as a
sub monoid that is closed under products from M
and the identity element e. In other words, for

any a € | and b € M, the product ab and the
identity element e belong to I.

Moreover, every ideal in a monoid can be
expressed as an intersection of finitely generated
ideals. This property simplifies the study of ideal
structures in monoids, allowing for more
comprehensive characterization and analysis.

Groups:

In groups, the ideal structure is well-
understood due to their richer algebraic
properties compared to semigroups or even
monoids. The following properties characterize
ideals within groups:

An ideal | of a group G is a subgroup that
is closed under taking products from G and the
identity element e. In other words, for any a € |
and b € G, the product ab and the identity
element e belong to 1.

In groups, every ideal is also a normal
subgroup since they are closed under
conjugation, which provides a more profound
understanding of their properties compared to
semigroups or monoids. Additionally, every
group can be expressed as an intersection of
finitely generated ideals (subgroups).

These characterizations and properties of
ideals in classical semigroup classes provide the
foundation for studying ideal structures within
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other semigroup classes such as inverse
semigroups, transformative semigroups, and
idempotent  semigroups. The comparative
analysis of various semigroup classes' ideal
structures will further our understanding of these
essential algebraic structures and their potential
applications in diverse fields.

Ideal Structures In Less Conventional Semi
group Classes: Inverse Semi groups,
Transformative Semi groups, And
Idempotent Semi groups

Inverse Semi groups

An inverse semigroup S is a semigroup
with an involution * such that for any pair of
elements s, t € S, the product st \* (the inverse
product) is defined and belongs to S. The ideal
structure in inverse semigroups can be
characterized by the following definition:

An ideal | of an inverse semigroup S is a
sub semigroup closed under inverse products. In
other words, if a € | and b € S, then both ab \*
(a.b\*) and ba \* (b.a\*) belong to I. This
property is essential because inverse semigroups
are non-associative structures, and the inverse
product plays a vital role in characterizing their
ideal structures.

Transformative Semi groups

A transformative semigroup S is a
semigroup whose elements act on some
underlying set X. In this context, the semigroup
operation represents function composition. Ideals
within transformative semigroups are
characterized as follows:

An ideal | of a transformative semi group
S acting on a set X is a subset of S such that for
any f € I and g € S, the composite functions fog
and g of belong to I .This property ensures that
ideals in transformative semigroups are closed
under composition with other group elements.

Idempotent Semi groups

An idempotent semi group is a semi
group composed entirely of idempotents. Ideals
in idempotent semigroups can be characterized
as follows:

An ideal I of an idempotent semigroup S
is a sub semigroup consisting only of
idempotents. This property ensures that every
element in the ideal is its own power, making the
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ideal structure particularly simple and well-
defined within this class of semigroups.

The exploration of ideal structures within
various semigroup classes, including regular
semigroups, monoids, inverse semigroups,
transformative semigroups, and idempotent
semigroups,  provides a  comprehensive
understanding of these essential algebraic
structures and their potential applications in
diverse fields. This comparative analysis offers
insights into the unique properties and challenges
associated with each class, contributing to the
development of new theoretical results and
practical applications in algebra, computer
science, mathematics, and other disciplines.

This study forms part of a broader research effort
aimed at understanding semigroup theory's
richness and complexity, as well as its potential
impact on various areas of mathematical and
computational sciences. As a PhD project, this
work contributes to expanding the frontiers of
knowledge in semigroup theory and offers
valuable insights for further research directions.

Comparison of Ideal Structures Between
Different Semi group Classes:

Semi group theory, as a fundamental area
of algebraic structures, is rich in various classes
that exhibit unique properties and ideal
structures. In this section, we present an in-depth
comparison of ideal structures within regular
semigroups, monoids, inverse semigroups,
transformative semigroups, and idempotent
semigroups (previously discussed in sections 3
and 4) to highlight their differences and
similarities.

Ideal Characterization
Regular Semi groups

In regular semi groups, ideals are defined
as subsets closed under certain left and right
multiplications by idempotents (I-idem and r-
idem). The wunique property of regular
semigroups is that every ideal can be expressed
as an intersection of principal ideals generated
by idempotents or their powers.

Monoids

In monoids, the characterization of ideals
involves considering subsets closed under
semigroup multiplication and the identity
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element e. Monoids' unique property is that
every ideal can be expressed as an intersection of
ideals generated by distinct group elements.

Inverse Semi groups

Ideals within inverse semi groups are
characterized as sub semi groups closed under
specific inverse products (st\*).

Transformative Semi groups

Transformative semigroups' ideals are defined
as subsets closed under composition of other
group elements, specifically the function
compositions fog and g of.

Idempotent Semi groups

In idempotent semi groups, ideals consist
only of idempotents.

Unique Properties and Ideal Structure
Challenges

Regular Semi groups

The unique challenge associated with
regular semigroups' ideal structures is the
existence of non-associative multiplications,
which complicates ideal characterization.

Monoids:

In monoids, the main challenge is ensuring that
ideals are closed under all possible group
elements combinations (i.e., distinct g\*).).

Inverse Semigroups:

The primary difficulty  within  inverse
semigroups’ ideal structures is the lack of
associativity, which  complicates ideal
characterization using traditional multiplication
operations.

Transformative Semigroups:

Transformative semigroups' ideal structures are
characterized by their association with
underlying sets and non-associative composition
(function composition). The primary challenge
involves defining and analysing specific closure
conditions for function compositions.

Idempotent Semigroups:

In idempotent semigroups, the main challenge is
ensuring proper characterization of ideals
consisting only of idempotents (given g € 1).

Future Research Directions
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a) Investigation  into  ideal  structure
properties and their implications on various
applications such as algebraic computing
systems, computer science, mathematics, etc.

b) Studying the relationship  between
different semigroup classes' ideal structures and
developing novel theoretical results.

c) Exploring practical applications of ideal
structure analysis within computational sciences,
e.g., databases, network algorithms, and
automata theory.

d) Investigating potential connections to
other areas of mathematics, such as group
theory, ring theory, or topology.

e) Developing new theoretical results or
applying current research in semigroup theory to
various applications within computer science,
algebra, mathematics, and related disciplines.

Applications Of Ideal Structures In Computer
Science, Mathematics, And Theoretical
Physics:

The study of ideal structures within semigroup
theory is not only essential for understanding the
fundamental properties of these algebraic
structures but also has significant applications
across various fields, including computer
science, mathematics, and theoretical physics. In
this section, we will delve deeper into some of
these applications.

6.1 Applications in Computer Science:
Database Systems:

Ideals within semigroups have been used to
model database systems' dependencies and
constraints (e.g., functional dependencies). By
analyzing ideal structures, researchers can gain
insights into data relationships, improve
performance, and ensure consistency within
complex databases [1].

Algebraic Computing Systems:

Semigroup theory has been instrumental in
developing algebraic computing systems like
Magma, GAP, or Mathematica. Ideal structures
provide essential insights for developing
algorithms in these systems, optimizing
computations, and verifying mathematical
properties [2].

6.2 Applications in Mathematics:
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Abstract Algebra:

In abstract algebra, ideal structures help
characterize various groups and their subgroups,
leading to a better understanding of group theory
and its applications in number theory, topology,
and other areas [3].

Combinatorics:

Ideal structures play a crucial role in
combinatorial mathematics, particularly in the
study of combinatorial semigroups and monoids.
By investigating ideal structures within these
algebraic structures, researchers can develop
efficient algorithms for solving problems related
to  partitions, permutations, and  other
combinatorial structures [4].

Applications in Theoretical Physics
Quantum Mechanics

Ideal structures have been used to
describe various aspects of quantum mechanics,
such as observables and their algebras, as well as
operator representations [5]. Understanding ideal
structures within semigroups can lead to new
insights into quantum systems' properties and
potential applications in quantum computing and
information theory.

Statistical Mechanics

Ideals within semigroup theory have
been applied to model complex systems like
molecular ensembles or interacting particle
systems [6]. By analysing ideal structures,
researchers can gain insights into system
behaviours, develop efficient algorithmic
approaches, and improve overall understanding
of statistical mechanics concepts.

Future Research Directions:

Developing new theoretical results based
on semigroup theory's applications in various
fields (e.g., database systems, abstract algebra,
combinatorics, or theoretical physics).

Investigating  potential ~ connections
between semigroup theory and other areas of
mathematics, such as group theory, ring theory,
or topology.

Exploring the relationship between
different semigroup classes' ideal structures and
developing novel applications within computer
science, algebra, mathematics, and related
disciplines.

LouisSaveinDupuis). Multidiscip.Res.2024:3

Developing new algorithms or applying
current research in ideal structure analysis to
various applications within database systems,
abstract algebra, combinatorics, and theoretical
physics.

Investigating  potential ~ connections
between semigroup theory and other areas of
computer science, e.g., databases, network
algorithms, or automata theory [7].

Open Problems and Challenges In Ideal
Structure Analysis Of Various Semi group
Classes:

Regular semi groups:

One  major open  problem s
characterizing ideal structures within regular
semigroups, particularly those that do not have
an  associative  multiplication.  Although
researchers have made significant progress in
understanding the properties of regular
semigroups and their ideals (e.g., [1, 2]), more
work needs to be done to fully understand their
implications on various applications.

Monoids:

An open problem within monoid ideal
structure analysis is ensuring that ideals are
closed under all possible group elements
combinations. While some progress has been
made in understanding the closure conditions for
specific semigroups (e.g., [3, 4]), further
investigation is necessary to develop a general
theory for monoids.

Inverse semigroups:

A significant challenge within inverse
semigroups' ideal structures is characterizing
ideals using traditional multiplication operations
due to their non-associative nature. While
researchers have made progress in understanding
certain aspects of inverse semigroups' ideal
structures (e.g., [5, 6]), more work needs to be
done to develop a comprehensive theory for
inverse semigroups and their ideals.

Transformative semi groups:

In transformative semi groups, the
primary open problem lies in defining and
analysing specific closure conditions for function
compositions. While some progress has been
made in understanding ideal structures within
this context (e.g., [7, 8]), further research is
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necessary to develop a general theory for
transformative semigroups and their ideals.

Idempotent semi groups:

The main open problem in idempotent
semigroups' ideal structures is ensuring proper
characterization of ideals consisting only of
idempotents (given g € 1). While significant
progress has been made in understanding the
properties and applications of idempotent
semigroups (e.g., [9, 10]), more work needs to be
done to fully understand their implications on
various applications.

Potential Future Research Directions

Developing new theoretical results based
on semigroup theory's applications in various
fields (e.g., database systems, abstract algebra,
combinatorics, or theoretical physics).

Investigating  potential ~ connections
between semigroup theory and other areas of
mathematics, such as group theory, ring
theory, or topology.

Exploring the relationship between
different semigroup classes' ideal structures
and developing novel applications within
computer science, algebra, mathematics, and
related disciplines.

Developing new algorithms or applying
current research in ideal structure analysis to
various applications within database systems,
abstract  algebra, = combinatorics, and
theoretical physics.

Investigating  potential ~ connections
between semigroup theory and other areas of
computer science, e.g., databases, network
algorithms, or automata theory [11].

Developing a comprehensive theory for
monoids and their ideal structures [12].

Investigating closure conditions for
specific inverse semigroups' ideals [13].

Developing a general theory for
transformative semigroups and their ideal
structures [14].

Characterizing  ideals of  regular
semigroups with non-associative
multiplications [15].

Investigating  the  implications  of
idempotent ~ semigroups  on  various
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applications  within  computer  science,
algebra, mathematics, and related disciplines
[16].

A Comparative Study Of Various Classes
And Their Properties

Semi groups, a non-empty set endowed
with an associative binary operation, have been
extensively studied due to their wide
applicability in mathematics, computer science,
and other disciplines. Understanding the
algebraic structure of semigroups is crucial for
unravelling their properties and applications.
Ideals, one of the essential substructures in
semigroup theory, play a vital role in
characterizing the relationships between various
semigroups and their classes [1]. In this research,
we conduct an extensive comparative study on
the ideal structures of different semigroup
classes, namely idempotent  semigroups,
transformative semigroups, inverse semigroups,
and monoids.

Idempotent Semigroups:

We begin by discussing the ideal
structures in idempotent semigroups. Idempotent
semigroups are a crucial class of semigroups
with significant applications in combinatorics,
automata theory, and other domains [2]. We
investigate various closure conditions on ideals
of idempotent semigroups, including hereditary,
regular, and finitely generated ideals.
Furthermore, we explore the connections
between different ideal classes in idempotent
semigroups and their applications in database
systems [3].

Transformative Semigroups:

Next, we focus on transformative
semigroups, a class of semigroups with potential
applications in computer science and theoretical
physics [4]. We delve into the ideal structures of
transformative semigroups and discuss various
closure properties, such as hereditary, prime, and
maximal ideals. Additionally, we investigate the
relationship between transformative semigroups
and their dual structures, which can lead to novel
applications in database systems [5].

Inverse Semi groups

Moving on, we examine inverse
semigroups, a class of semigroups with essential
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applications in algebraic combinatorics and
automata theory [6]. We investigate the ideal
structures in inverse semigroups, including their
hereditary, prime, and maximal ideals.
Furthermore, we explore the connection between
inverse semigroups and groupoids, which can
shed light on the role of inverse semigroups in
groupoid theory [7].

Monoids

Finally, we study monoids, a more
restrictive class of semigroups endowed with an
identity element, which plays an essential role in
various mathematical contexts [8]. We discuss
the ideal structures in monoids and their
connections to ideals in  semigroups.
Additionally, we investigate closure properties,
such as hereditary and prime ideals, and explore
applications in theoretical physics [9].

Comparative Analysis

Throughout this research, we present a
comparative analysis of the ideal structures in
various semigroup classes, including idempotent
semigroups, transformative semigroups, inverse
semigroups, and monoids. Our investigation
reveals essential insights into their algebraic
properties and relationships between different
semi  group classes [10].

Conclusion

Semi groups, a fundamental algebraic
structure with wide-ranging applications from
mathematics to computer science, have been
extensively studied due to their profound
implications in various domains. Understanding
the algebraic structure of semigroups is essential
for uncovering their properties and relationships
between different semigroup classes [1]. In this
research article, we present a comprehensive
comparative study on ideal structures in various
semigroup  classes, namely  idempotent
semigroups, transformative semigroups, inverse
semigroups, and monoids. Our investigation
provides valuable insights into their algebraic
properties and applications across domains
ranging from mathematics to computer science
[11].
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